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THE MARKOV SPECTRA FOR FUCHSIAN GROUPS

L. YA. VULAKH

ABSTRACT. Applying the Klein model D? of the hyperbolic plane and identi-
fying the geodesics in D? with their poles in the projective plane, the author
develops a method of determining infinite binary trees in the Markov spectrum
for a Fuchsian group. The method is applied to a maximal group commensu-
rable with the modular group and other Fuchsian groups.

1. INTRODUCTION

Let fo(u) = fo(u1,u2) = zoud + z1urus + zoul = mo(uy — Ous)(ur — 0'uz) be
an indefinite quadratic form with real coefficients and with discriminant Q(x) =
22 — 4xgxs. Define v(f,) = v(z) = inf|f.(u1,u2)|Q(x)~'/2, the infimum being
taken over all (u1,u2) € Z2/(0,0). The set M = {v(f.) : = € R3,Q(x) > 0} is
called the Markov spectrum. In 1879, Markov [20] showed, by means of continued
fractions, that the set M N (1/3,00) is discrete and it consists of the numbers
(9 —4/m~2)"Y/2 where m runs through the set of all positive integers such that
(m,m1,ms) is a solution of the Diophantine equation m? + m? + m3 = 3mmyms.
This result is closely related with the subject of Diophantine approximations (see
e.g. [4] or [9]). Another development, started by Frobenius (1913) and Remak
(1924), led to a new proof of Markov’s theorem using the properties of quadratic
forms [4]. See [17], [12], [23], [21], [26] for other proofs of the original Markov
theorem and its generalization. See also [19] and [9] for the history of the problem
and for the known results on the structure of the Markov spectrum M below 1/3.

Since |f.(u1,u2)|Q(z)~Y2 = |0 — 0| 7', to study the Markov spectrum we can
associate with real numerical multiples of an indefinite quadratic form f, as above
the geodesic 7 in the hyperbolic plane H?> = {z € C : Imz > 0} whose endpoints
6 and ¢’ lie in R. This more recent point of view led to many generalizations and
extensions of the original Markov theorem. The most spectacular of these is related
to the parametrization of the set of simple closed geodesics on some coverings of
the modular surface H?/SLy(Z) by the Markov spectrum above 1/3 (see [6], [7],
@), [13), [14), [15], [18)).

In this paper, we shall use the Klein model of the hyperbolic plane. In particular,
we identify the form f, with the point x = (z0,z1,22) in the projective plane P2.
Then the interior of the conic Q(z) = 0 can be considered as a model D? of the
hyperbolic plane. If f, is indefinite, then the intersection of the polar of x (see
the definition below) with D? is a geodesic in D?. The main emphasis will be
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on determination of the reduction region R which is the set of extremal points
r € P? (z is extremal if |f,(ui,u2)| > |zo| for all (ui,u2) € Z2/(0,0)). For
any = € R, v(z) = |zoQ(x)~/?|. Thus, it is easy to find the spectrum M if R
is known. On the other hand, R is two-dimensional and its “projection” M is
one-dimensional, and many structural features of the spectrum which are hidden
in M can be revealed in R. In particular, it will be shown in this paper that
an infinite binary tree whose limit set lies on a certain conic in P? is one of the
basic structures of R outside D?. We first give the necessary definitions, state the
problem in general for an (n + 1)-dimensional quadratic space, and give the known
examples of its solution. In the rest of the paper only the case of n = 2 (the Klein
model of the hyperbolic plane) will be discussed. Readers interested only in that
case may skip the following definitions, statement of the problem in general, and
Examples 1-4 below, and read [39], pages 12-13, instead.

Let V be an (n + 1)-dimensional vector space over R. Let Q : V' — R be a
regular quadratic form with associated symmetric bilinear form

(z,y) = (Qz+y) - Qz—y))/4

An R-linear transformation A from the quadratic space (V, Q) into itself is called
an isometry if (Axz, Ay) = (x,y) for any x,y € V. The set of all isometries of
(V,Q) will be denoted by O(V) = O(V,Q). Two vectors v,u € V are said to be
orthogonal if (u,v) = 0. Let U be a linear subspace of V. The linear subspace
Ut ={veV: (v,U) =0} of V is the orthogonal complement to U in V. Any
v € V can be represented uniquely as v = vy + vy, where v1 € U, vy € U-+. In that
case we have the “Pythagorean theorem” Q(v) = Q(v1) + Q(v2), and we say that
x1 = zy is the projection of x into U (see e.g. [5]).

We shall say that a subspace U of V' is regular if the restriction Qu of @ to U
is, and that the signature of U C V is (s,t) if the signature of Qu is (s,t). There
are finitely many O(V')-orbits of regular subspaces U C V (such orbits are called
the Grassmanians of V). Any such orbit is uniquely determined by the signature
(s,t), s+t =dimU. In that case the signature of Q. is (p—s,q—t), where (p, q)
is the signature of Q and p+ ¢ =n+ 1.

This paper mainly concerns the classification of the regular subspaces of V' mod-
ulo the action of a discrete subgroup of O(V). An important example of a discrete
subgroup G of O(V) is the group O(L), which is defined as follows. A lattice L C V/
is said to be Q-integral if (L,L) C Z. If eq, ..., e, is a basis of an integral lattice
L, then Q(zo, ..., xn) = Q(xoeo+ ...+ xney,) has integral coefficients. The group
O(L)=(g€O(V):g(L) = L) is a discrete cofinite subgroup of O(V).

Let G be a discrete subgroup of O(V). Let w € V be a fixed nonzero vector.
For a subspace U of V' we define

1) V(U) = v(w,U) = inf |Q(z0),
the infimum being taken over all x € Gw, and
Vo(U) = vo(w,U) = inf |Q(zv)|,
the infimum being taken over all z € Gw such that Q(zy) # 0. It is clear that
v(gU) =v(U), ge@q.

We shall denote by M(s,t) = M,y (s,t) the set of all values of v(U), where U runs
through the set of all linear subspaces of V' of signature (s,t). The set M, (s,t)
will be called the spectrum of (s,t)- minima with respect to w. Similarly, M,(s,t),
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the spectrum of nonzero (s,t)-minima with respect to w, is defined as the set of
values of v,(U).
A subspace U of V is said to be w-extremal if

v(U) = |Q(wo),

and the set R, (s,t) of all w-extremal subspaces of V' of signature (s,t) will be
called the w-reduction region of (s, t)-subspaces of V.

If a vector w € V is isotropic, i.e. Q(w) = 0, then Q(w1) = —Q(w2), wy €
U, wy € U*. Hence

(2) v(U) =v(U"),

and U is w-extremal if and only if U+ is. Thus, M., (s,t) = My (p—s,q—t) in that
case. When (s,t) = (n+ 1,0) or (1,n) the w-reduction region of (1,0) subspaces
of V is related to the Dirichlet region of G in Euclidean or hyperbolic space with
center at w (see Example [I).

When the signature of @ is (n,1), the spectrum M, (1,1) is related to the
problem of Diophantine approximation in Euclidean spaces (see Example ).

Let U, U C V. If U' = gU for some g € G, we say that subspaces U and U’ are
G-equivalent. The w-reduction region R, (s,t) and the spectrum M,(s,t) can be
used to classify the G-equivalence classes (or G-orbits) of subspaces of signature
(s,t) of V (see Example[2).

Below, the known examples of classification of O(V)-orbits of regular subspaces
U C V modulo the action of a discrete subgroup G of O(V') are given.

Ezxamples of reduction regions and spectra of minima.
Let ey, ..., er be an orthogonal basis of a subspace U C V. Then x € U can
be represented as follows:

_ (xael) (xvek)
Qe T T Qe
Thus, for z € V,
(mael)Q (maek)Q
Q) =0y T Qe
In particular, when k =1,
_ ($,€1)2
(3) Q(xU) - Q(el) .

Let U be a hyperbolic plane, i.e. the signature of U is (1,1). Let e1,es be a
basis of U such that Q(e;) = Q(e2) = 0. For x € U, we have

(z,e2) (x,e1)
(er,e2) ~ (er,ea)

Hence, for x € V,

(z,e1)(z, e2)
(61762)

(4) Qzy) =2

In the sequel, we shall identify the 1-dimensional subspaces in V with points in
n-dimensional projective space P".
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Example 1. Let @ have signature (n,1). The interior of the quadric @Q(z) = 0 in
the projective space P™ can be identified with n-dimensional hyperbolic space D™.
(This model is called the projective (or Klein) model of hyperbolic space). It is
known that the distance d(z,y) between x,y € D™ can be found from

2 d(xay) _ (x7y)2
(5) o = QW)

where k > 0 is a fixed constant. Let w € D™. By @), x € D" is w-extremal if
(6) (z,w)? < (9o, w)*

for all g € G. If w is not a fixed point of G, then it follows from (B) that the
w-reduction region is the Dirichlet polyhedron of G in D™ with center at w—
that is, the set of x € D™ such that d(z,w) < d(z,gw) for all g € G, g # id
(see e.g. [1]). Thus, by (@), the w-reduction region is bounded by the planes
(x,gw —w) =0, g € G (cf. Sec. 2 below).

Example 2. Let ¢(z), z = (#1, ..., Zn—1), be a regular quadratic form with
signature (¢’,p’). Let V be the linear space of Hermitian 2 x 2-matrices = =
J?Zo xz , where the bar denotes conjugation in the Clifford algebra C,,—1 (see

n

e.g. [34]). We shall abbreviate © = (xg, 2, 2,,) € V. Denote
Q(z) = det(x) = xoxpn — 2Z = Toxn — ¢(2).

The signature of Q is (p' +1,¢’ + 1). The action of the Vahlen group SV, (see
[34]) on the quadratic space (V, Q) is defined as follows:

z-[g] = g'xy, g€ SVn_1.

We say that © € V is definite if g(z) is negative definite and det(x) = Q(z) > 0.
Otherwise, z is indefinite. We denote the sets of definite and indefinite Hermitian
matrices in V by VT and V~ respectively.

Let G be a discrete subgroup of SV,,_; and let w = (0,0,1). Suppose that
U is a 1-dimensional subspace of V' spanned by an anisotropic vector e; and let
x=-e1-[g] = (x0,2,2n), g € G. Then (w,z) = x0/2 and, by B),

x g

(7) Qwgu) = ddets 4dete;’

Hence
2

. Ty
Vo(U) = inf T deter]’
the infimum being taken over all ¢ € G such that zo # 0. For certain groups
G and integral forms ¢, it is shown in [34] that the spectra of nonzero minima
Mo, ¢ +1) = My(1,0), p' # 0, and M,(p' +1,¢) = M,(0,1), ¢’ # 0, with
respect to w as well as the w-reduction region for 1-dimensional subspaces in V'~
are discrete. In some cases, explicit results were obtained.

Example 3. Let ¢ in Example Blbe positive definite. The set of definite Hermitian
matrices VT in the projective space P™ can be considered as the projective model
D™ of n-dimensional hyperbolic space, and the set of indefinite Hermitian matrices
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V'~ can be identified with the set of (n — 1)-dimensional planes in D™. Define

®: Vt — H" by
i) i)

(xo > 0). Then ®(z - [g]) = gP(x) for all z € VT and g € SV,,_; (see [1I], p. 250).
The set VT consists of subspaces of signature (1,0) in the quadratic space (V, Q).
Let w € VT, and let R = Ry, (1,0) be the w-reduction region of subspaces in V.
It follows from Example 2] that ®(R) is the Dirichlet polyhedron with center at
®(w) in H™ provided w is not a fixed point of G.
Let w = (0,0,1) € V. Let U be the subspace of V' which is orthogonal to

Zo z

r={ > € V—, xy > 0. The signatureof U is (n—1,1),and S = ®(U) is a

Tn
hemisphere in H™ with center at —z/zo and radius | det(z)|'/? /zo = |Q(wy)|~1/2/2
by (@)

Now let a subspace U C V have signature (1,k), 0 < k < n. We choose
an orthogonal basis e1, ..., e, in UL so that x9(e;) # 0 and z¢(e;) = 0, i =
2, ..., n—k. Let U; be the subspace in V which is orthogonal toe;, i =1, ..., n—
k. Then the k-dimensional hemisphere S = ®(U) in H™ is the intersection of
mutually orthogonal vertical planes ®(U;), i = 2, ..., n — k, and the hemisphere
Sy = ®(U;). Hence the radius of S is equal to |Q(wy)|~'/2/2, the radius of S;. In
particular, when k = 1, and the endpoints of the geodesic L = ®(U) are ,n' € W,

(8) Q(wo)|72 =11,

Let L be the axis of a loxodromic element in G. Let k(L) = sup|g(n) — g(n')|, the
supremum being taken over all g € G. Hence k=2(L) = v(w,U). The inequality

9) In—g(o0)| <1*(9)/k

holds for infinitely many cosets of Go = Stab(co,G) in G when k = k(L), and
k(L) is the best constant possible. Here r(g) is the radius of the isometric sphere
I(g) ={z € H" : |¢’(z)| = 1} of g € G. Thus, the spectrum of (1,1)-minima with
respect to w is

M(1,1) = {a®,a € M(G)}.

Here M(G) is the Markov spectrum of G (see [36], [38]).

Let n > 2. Let G be an arithmetic subgroup of SV,,_;. For w = (1,0,0), the
w-reduction region of subspaces of signature (n—1,1) is found in [36]. It is discrete.
When n = 3 and G is a Bianchi group, the region R,,(2, 1) is found in [32] and [33].
The elements of R,,(2,1) parametrize the conjugacy classes of maximal Fuchsian
subgroups of G.

Example 4. Let Q(z) = ad — bc = det z. We identify V with the linear space of

2 x 2-matrices x = ( Ccl Z > Let O1(V) = GL2(R) and G = GL3(Z). Let C be

the set of hyperbolic planes U € V spanned by isotropic vectors e; = ( 60 )

1 0
0 o .
and e = 01 ) Then O1(V)C = C and O1(V) acts transitively on C. For
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w = I, the identity matrix, gw = g € G. By @),
_Ja—0'c||b—0d|

In 1947 H. Davenport and H. Heilbronn [I0] showed that the first three minima
in the spectrum M, (1, 1), which are attained at the w-extremal hyperbolic planes

with (6,0") = (%ﬁ, #), (v2,-V2), (V2,3 — V/2), are equal to
3-V6 2-v2  V2-1
25 4 7 3 7
and that the last one is an accumulation point in the spectrum.

0.
10 ) is chosen, then

If instead of w = I, the isotropic vector u = <

_Ja—0'clla —Oc|

Q((QU)U) |9/ _9|

It follows that M, (1, 1) is the Markov spectrum (see [4]). Thus, only the first two
u-extremal hyperbolic planes remain extremal upon replacement of u by w.

Example 5. Here a Klein model of the hyperbolic plane is introduced. It will be
used in Section 7.

Let n = 2. Let Q(z) = 2 — 4z¢z2. Then x € D? if and only if Q(z) < 0. Q(x)
is the discriminant of the quadratic form

(10) fa(u) = fo(ur, uz) = zoui + Trusug + w2uj
(cf. [B], p. 301). Two forms f, and f, are said to be equivalent if there is a

_(a b\ _(alg by -
' < c d > B ( c(g) d(g) ) € GL2(Z) such that f,(u) = fa(gu). In that

case y = ¢(g)(z), where

a2 ac 62

(11) d(g) =1 2ab ad+bc 2cd
b2 bd d?

Let G = ¢(GL2(Z)) € O(V) and w = (1,0,0). For g € G with a # 0 we have
#(g)w = (a?,2ab,b?) = a?(1,2z2,2%), where z = b/a, a,b € Z.

For x € P?, the line L = {y € P?: (y,x) = 0} is said to be the polar of x and
x the pole of L (see e.g. [8]). In the model D?, indefinite quadratic forms f,(u)
are associated with the points # € P? with Q(z) > 0. x is the pole of the line in
D? through the points ey = (1, =20y, 62), k=1, 2, where f,(0;,1) =0, k=1, 2,
since

((E, ek) = —2fx(0k, ].)

Thus, such a point z (and the form f,(u)) is associated with the hyperbolic plane
U C V spanned by e; and ez, and by () or () we get

b)®

12 1VU=V2$:infM,

(12) J0) = (o) = L

the infimum being taken over all (a,b) € Z?/(0,0). The following definition is
well known (see e.g. [4]): The set of nonnegative numbers M = {y,(x) : = €
P2, Q(x) > 0} is called the Markov spectrum.
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Definitions and summary of results.

In the sequel, for g € GLy(R), instead of saying that ¢(g) in (II]) acts in P2, we
say that ¢ acts in P2. This should not cause any confusion.

An infinite discrete subgroup of the group of isometries of D? whose limit set
contains more than two points is said to be a non-elementary Fuchsian group. Let
H be such a group. Let Fy, Fy € H be hyperbolic and let G’ be the subgroup of H
generated by Fy and F;. Assume that there is an involution S such that F, = 51.5
and Fy = 555, where S; and Sy are involutions. Let G be the group generated by
the involutions S1, S, S2. Then [G : G'] = 2. (Note that the involutions S, .S and
S2 do not necessarily belong to H).

Let T = 5155. Define the tree ¥(T') of triples of involutions generated by
(S1, S, S2) as follows. Let S’ = 51551 and S” = 55555. Then (5,51,S52),
(S1,82,5") € ©(T). Similarly, if (Uy,U,Us) € U(T) then (U’,Uy,Us), (Uy,Us, U")
€ U(T). Here U' = U,UU;, U” = UyUU,. By associating to every triple
(U1,U,Us) € ¥(T) the indefinite fixed point f of F = UjU, in P? we obtain the
tree of indefinite points F(T') associated with W(T). (We say that a point z € P>
is definite, isotropic or indefinite if Q(x) < 0, =0 or > 0 respectively.) Denote by
Cr the conic in P? with equation (Tx + z,z) = 0. The limit set of the tree F(T)
lies on Cp (Theorem [I7T).

Let w € P? and let G be a subgroup of a Fuchsian group H. Let Dy C P? be
the closed region bounded by C7 and the axes of the involutions of S; and Ss (see
Fig. 6, below). We shall say that

(1) the tree F(T) is w-extremal if every f € F(T) is w-extremal (that is (f, gw)?
> (f,w)? for any g € H);

(2) F(T) is unique in Dy if an extremal f € Dy implies f € F(T);

(3) F(T) is simple on M = D?/G if the projection of the polar of any f € F(T)
is a simple closed geodesic on the Riemann surface M.

Denote A% = {z € P?: (z,w) # 0}. The points in A? can be normalized by the
condition (x,w) = 1. Let t be the fixed point of T. When w = ¢, the equation of
Cr in A? is Q(x) = const.

Let H = G and t = w. In [12], the case when T is elliptic or parabolic was
studied and a complete description of the discrete part of M(G) was obtained. In
[23], these results were obtained only for parabolic T. In [I5], the problem was
solved for any T and the spectrum was identified with the set of simple closed
geodesics on M.

In [26], the discrete part of the spectrum was found when H is the Hecke group
G5, T is hyperbolic and w # t. It was shown that all the points in the spectrum
correspond to simple closed geodesics on some Riemann surface; however, there are
other simple closed geodesics on the surface.

The main purpose of this paper is to study the w-reduction regions for (0, 1)-
and (1, 0)-subspaces in (V, Q) for a regular quadratic form @Q with signature (2,1).
Let G be a discrete subgroup of O(V). If w € D? or w is a parabolic fixed point of
G, then R, (0,1) = G, D(w) C D?, where D(w) is the Dirichlet polygon of G with
center at w. The sets R, (0,1) and R, (1,0) both belong to the projective plane
P2, and we set Ry, = Ry (0,1) UR(1,0). The method for completely describing
R inside D developed in this paper is applicable to many Fuchsian groups. Here
it is applied to the groups generated by three involutions (Theorem 2T]) and to some
maximal subgroups of GLy(R) commensurable with the modular group (Examples
and [3I]). In [39], the method is applied to the Hecke groups.



4074 L. YA. VULAKH

In Section 3, we prove general criteria for w-extremality of an indefinite fixed
point of a hyperbolic element in a Fuchsian group. In Sections 4 and 5, they are
applied to show that, under a very mild restriction on the position of w, if f; and
f2, the indefinite fixed points of F; and Fb, are w-extremal, then the whole tree
F(T) is w-extremal (Theorem [Ig).

In Section 5, we first consider the case when H = G and w = ¢, and, for any 7',
we prove that the tree F(T) is unique in the region Dy (Theorem [21]). Here our
approach is close to that of [4]. Applications of this result are given in Examples 25
and 26. In Example 25, it is applied to the Fuchsian group which is the stabilizer
of the line wR C C, w = (1 +v/—19)/2, in the Bianchi group Big = PGL2(O19),
where O1g is the ring of integers of the field Q(+/—19). It turns out that the discrete
part of the Markov spectrum of this Fuchsian group lies above 1/ V5, and it can
be described in terms of the positive integer solutions of the Diophintine equation
x? 4+ 22 + 522 = Sxoxyx. Tt follows that 1/4/5 is a limit point of the Markov
spectrum of Bjg. In Example 26, Theorem 21 is applied to the compact triangle
groups (2,q,m), ¢ = 3 or 4. Then, for an isotropic w # t, we prove Theorem 29|
which can be used to solve the problem of uniqueness of the tree F(T') in Dy for
general zonal Fuchsian groups. In particular, it is shown in Section 7 how it can
be applied to maximal Fuchsian groups G(m) commensurable with the modular
group. The Markov spectra for these groups coincide with the Markov spectra
M., on the sublattices of index m, and they are subsets of the classical spectrum
M = M. For m =2, 5, 6, the only cases, except m = 1, when T is parabolic, the
discrete part of M,, was first found in [27], [29], [30] respectively, and for m = 3,
in [24). In Example BO] we consider the case m = 3. In that case, the group
G = (G(3) is conjugate to the Hecke group G and, as it is shown in [39], there are
two trees F(Ts) and F(T3) of extremal indefinite points, both of them are simple
on D?/Gg, and F(T3) is unique in Dr,. Here G is the subgroup of G' generated
by its involutions.

In Example[BT] where G = G(13), we find the extremal tree F(T), show that it is
unique inside C, and give a complete description of the discrete part of the Markov
spectrum on the sublattice of index 13 (Theorem B2)). It leads to the description of
a subset of the classical Markov spectrum M whose limit set is a Cantor set in the
interval [0.303983697, 0.303986571]. Note that this subset belongs to the interval
(1271/2,1/3), where not too much is known about the structure of the spectrum
M (see [9]).

In Section 8, a simple proof of the simplicity of the tree F(T') for the group G
generated by three involutions is given. This result was first obtained in [13] and
[18].

In [39], the results of this paper are applied to the Fuchsian group generated by
the reflections in the sides of a right triangle. The intersection of this group with
SL>(R) is generated by two elements S and A such that S? = A9 = id. We choose
w to be the fixed point of AS in P? (for ¢ = 3 or 4, see Example 28 below). For
this group we find [(¢ — 1)/2] distinct trees of extremal indefinite points and show
that all of them are simple on the Reimann surface M = D?/Gg, where G is the
group generated by the involutions in G,. For the Hecke groups Gy, ¢ > 5, we
show the uniqueness of one of the trees, which leads to the complete description of
the discrete part of the Markov spectrum for G4. In particular, for even g, the first
accumulation point in the spectrum is (cos(m/q))/2. For ¢ = 5, the spectrum was
found in [26].
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The author thanks the referee for useful suggestions which led to an improvement
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2. g-STRIPS AND THEIR PROPERTIES

Let the signature of Q(x), x € P?, be (2,1). A point x belongs to D? if and
only if Q(z) < 0. Denote

C={reP?*: Q) =0}

Thus, a point = € P? is definite, isotropic, or indefinite if x € D?, x € C or x ¢ D?
respectively. A hyperbolic ' € G has three fixed points in P?; two of them are
isotropic and one, f, indefinite. In the sequel, we shall sometimes refer to f as the
fized point of F in P%. The w-minimum of z € P? will be denoted by v(z) instead
of v(U) as in ().

Let w € P? be fixed. For every g € G/G.,, we define the g-strip to be the set
{z € P?: (z,gw)? < (z,w)?}. The g-strip will be denoted by p(w, g) or simply
by p(g). If h € Gy, then the gh-strip coincides with the g-strip. If « belongs to a
g-strip, then z is not w-extremal and, by definition,

Rw = Rw(oa ]-) U Rw(lao) = P2 - Up(wag)

the union being taken over all ¢ € G/G,,. Denote by D*(w) the connected open
component of R,, with the fixed points of parabolic and boundary hyperbolic ele-
ments of G in P? adjoined (see [2], p. 265), and by D* the convex hull in P? of all
limit points of G. It is clear that D*(w) C D*, and that D*(w) = R,(0,1) if G is
a Fuchsian group of the first kind.

The boundary of a g-strip consists of two lines L*(g) and L™ (g) with equations

(x,gw—w) =0 and (z,gw+w)=0

respectively. Since (gw — w, gw + w) = 0, it follows that the line M(g) through
w and gw cuts D?, the pole (gw — w) of LT (g) belongs to L~ (g), and the pole
(gw + w) of L™ (g) belongs to L*(g). Thus, the Dirichlet polyhedron for G with
center at w is bounded by the lines L*(g), g € G (see Example[]).

In the sequel, we assume that w € D*. Then

(w, gw)* = (w, w)?

for all g € G. Since Q(gw — w)Q(gw + w)/4 = (w,w)? — (w,gw)? < 0, one and
only one of the lines L~ (g) and L*(g) cuts D?. The pole of M(g) is the point of
intersection of the lines L™ (g) and L*(g).

Lemma 6. Let x € P? be the fized point of g € G corresponding to the eigenvalue
1 or —1. If gv = x then x € L™ (g), and if gr = —x then z € L™ (g).

If g € G is an involution, then gw +w € D? is the fized point of g, and the
boundary L~ (g) of the g-strip is invariant with respect to the position of w.

If g € G is a reflection, then gw — w ¢ D? is the fized point of g, and the
boundary LT (g) of the g-strip is the azis of g; hence it is invariant with respect to
the position of w.

Proof. If g7'z = x then (¢ 'z,w) = (z,9w) = (x,w) and x € L*(g), and if
g ' = —x then (g7 'z,w) = (z,gw) = —(z,w) and = € L™ (g).

If ¢ is an involution or reflection, then g(gw + w) = w + gw, and g(gw — w) =
—(gw — w). O
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The following result can also be useful.

Corollary 7. Let s and t be the fized points of S, T € G, where S is an involution.
If s, t and w are collinear, then the S- and ST -strips coincide.

Proof. If w =t then the S- and ST-strips coincide. Denote by M the line through
s and t and by pjs the pole of M. Then py; does not depend of the position of w on
M. Let f be the fixed point of ST. By Lemma[Gl f,py € LT (ST) for any w € M.
Thus, LT(ST) = L*(S) for w € M. By Lemma ] u, the pole of L™(S5), lies on
L=(ST). Since ppr € L~ (ST), L= (ST) = L=(5) for any w € M, as required. O

Recall that A2 = {z € P?: (z,w) # 0}. We shall normalize * € A% by the

condition
(13) (z,w) = 1.

Then a point # € A% is w-extremal if and only if (z, gw)? > 1 for all g € G.

Let R be a region in A%. Assume that for any w-extremal point z € R the
following dichotomy occurs: either (z, gw) < —1, or (z, hw) > 1 for some g,h € G.
This means there are g = go,91,... ,9k—1,9x = h € G such that if (z,gw) > —1
and (z,hw) < 1, then z € R is not w-extremal and (z,g;w)?> < 1 for at least
one 0 < i < k. In that case we say that g;-strips, 0 < i < k, form a compound
(g, h)-strip (or simply a (g, h)-strip) in R.

If 2 € P? is w-extremal, i.e. (z,gw)? > (v,w)? for all g € G, then (w, g~ 'x)? >
(w,x)? for all g € G, i.e. w is x-extremal. In the sequel, this statement will be
called the duality principle.

3. EXTREMALITY CRITERIA

In this paper, we are mainly concerned with finding the w-reduction regions for
maximal discrete groups G. This is partially justified by the simple fact that the
w-extremality of f € P? with respect to G implies the w-extremality of f with
respect to any subgroup of G.

Let g € G. The boundary of p(g) consists of two lines (z, gw £ w) = 0. Since
g Hgw £ w) = £(g7'w £ w), g~ 'p(g) is the exterior of the strip p(¢~!) and vice
versa. Thus,

9 M(g)=M(g™"), g LY (9)=L (g™, ¢ 'L (9)=L (g7
Let x € A%, Assume that G, the stabilizer of = in G, is a cyclic group generated

by h € G. Tt follows that the fundamental domain of G, is bounded by the lines
L*(h) and L™ (h™1), which meet at x.

The following simple criterion of extremality is proved in [36] (see also [38]).

Lemma 8. Let x € A? be the pole of a line L. Then x is w-extremal if the fun-
damental domain of G, on L belongs to D*(w), the connected component of R,,.

Denote by K, the intersection of a fundamental domain of G, in D* with the
orbit Gw. The following statement is evident.

Lemma 9. Suppose that the points f1, ..., fr € A% are w-extremal. For f € A?,
denote
(14) Ri={xc A?: (f,x)* > (fi,2)?}, i=1,...,r

Let D" be a fundamental domain of G in D* such that w € D”. Let D' = G,,D".
IfKy CRiU---UR,UD’, then f is w-extremal.
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Let w-extremal indefinite points fi, fo € A? be the fixed points of hyperbolic
P, F, € G. Assume that the line L3 through f; and fo does not cut C. Let
S € O(V) be the involution whose fixed point s € D? is the pole of L3. Note
that S fixes L3 pointwise and that Sx = —x for every x € L3. There are unique
involutions Sy, Se € O(V) such that

Fl 2552, ngsls.
Denote by s, € D? the fixed point Sj and by Ly the polar of s, k= 1,2. Let
F=FF =515

and let f € A? be the indefinite fixed point of F. Note that if S; € G then
Ly, = L=(Sk). The region Ry C A? in () is bounded by two lines:

N ={ze A (fo)=£(fr0)}, k=12,

which meet at s;, k+j = 3. The lines \] and A\J meet at w. Denote u = A\] N\ .
Then the points w, u, and s lie on the line

(15) L={ze€ A%*: (fi,z) = (f2,7)}

(see Fig. 1). Let J be the involution in P? determined by the point s and the line M,
the axis of F'. Let v be the point of intersection of the line through v and w with M.
Let u = As 4+ v and w = pus + v. Then (f,u) = A(f,s) = -1, (f,w) = A(f,s) = 1.
Hence A = —p, J(u) = w, and u is located on L N D* between s and v.

Lemma 10. Suppose that w € D* is either 1) an indefinite point and S € G, or
2) an isotropic point in P2. With the notation introduced above, assume that the
quadrilateral with vertices at w, s1, s, and sy is convex. Then the indefinite point
f is w-extremal.
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Proof. It is clear that the region in D* bounded by the lines S (L) and S2(L), where
L is defined by (IH), is a fundamental domain ® of the cyclic group generated by
F € G. Denote the parts of ® between the lines L and S;(L) and between L and
Sa2(L) by @2 and ®; respectively.

Assume first that w is an isotropic point. Then Gw C C. Since u € D?,
GuwN®, C R, k=1,2. (In Figure 2, two lines through w and sy and through
S(w) and sy are used to construct the line S3(L). As in Figure 1, the region R; is
bounded by the lines through w and sz and through v and s3.) Thus, by Lemma
@ f is w-extremal.

Now let w be an indefinite point. Then the triangle with vertices at w, s1, and s
does not contain any gw,id # g € G. As above, it follows that f is w-extremal. [

4. THREE ELLIPTIC ELEMENTS OF ORDER TWO

Let G be a group generated by three involutions Sy, Sz, S fixing the points
81, S2, s in D?, which are not collinear. In this section, we abbreviate tr(F) =
tr(¢p~1F), where ¢ : H?> — D? is an isometry, so that ¢~1(G) C SL2(R) (see e.g.

(). Let
Fy =SSy, Fy = 1S, F = 5,5,

Then the lengths a1, a and as of the sides of the triangle with vertices s, s and
s9 can be found from

my = 2coshay = [tr(Fy)|, mo =2coshas = |tr(F2)|, m = 2cosha = [tr(F)|.
Let a1, «, ag be the angles of the triangle (see Fig. 3). Let
(16) T = 5,55,.
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Then

[tr(T)] = 2\ = sinh a4 sinh ag sin v,
and T is elliptic, parabolic or hyperbolic according as A < 1, A =1 or A > 1 (see
[2], p. 301). Positive numbers my, m and my satisfy the following “Diophantine”
equation (see [2], p. 14):
(17) m3 4+ m? +m3 = mymms + 4(1 — N?).

Assume that m; < mz < m. Then the solution (my, m, ma) of (7)) gives rise to
three distinct solutions

(m/lamamQ)a (m17m7m12)a (mlam/amQ)
where, by the Cosine Rule I (see [2], p. 148),
my +my =mma, mh+mg=mmy, m +m=mims.

(For example, the first formula follows from m; = mms — sinh asinh as cos @y and
m} = mmsg + sinh asinh az cosa; (see Fig. 3)). Denote

(18) S' = 81851, S§"=5,85,, S;=2588S.
The associated triples of involutions are
(SlaShSQ)a (SlstaS//)v (SaSist)a

each of which satisfies (I6). We shall say that these three triples of involutions are
neighbors of the original one. If & > /2, then oy < 7/2, as < 7/2. Hence

(19) m’ < m < min(m},m}).

We define the height of the solution (my, m, mg) (and of the triple (51, .5, S2), and of
the triangle in P? with vertices s1, s, s2) to be the positive number ht(m1,m, mg) =
my + m + mo. By ([T, if the triangle with vertices s1, s and s is obtuse then
two of its neighbors have larger heights, one has a smaller height, and the triangles
with larger heights both are obtuse. Thus there is a solution (and the triple of
involutions) of the smallest height, which is said to be singular. If (51,5, S2) is
singular, then the triangle with vertices s1, s and so is either acute or right (cf.
125)).
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Lemma 11. Let G be the group generated by involutions S1,S2 and S. Let T =
51555 and let t be the fized point of T in P2. Assume that w belongs to the triangle
with vertices t, s1, and so. If the fived points f1 and fo of F1 and Fy are w-extremal,
then the indefinite fized point f of FoFy is also w-extremal.

Proof. Let t € A% be the fixed point of T. Denote t' = Sit, t’ = St’. Then
t = Sat”, and the triangle A with vertices ¢, ¢/, and ¢’ is a fundamental domain
of G (see Fig. 4). The triangle A covers the convex quadrilateral with vertices at
w, $1, S, and so. Hence the union of Ry, R, and A cover K(f), and by Lemma[J
f is w-extremal. O

Lemma 12. The common perpendicular to the axis of F and the line L through t'
and t" passes through s.

Proof. We have to show that the points f, s, and d, the pole of L, are collinear.
It is clear that s and d lie on the line (z,¢') = (z,¢"). By definition, ¢’ = ST'St' =
51895t = S155t”. Hence (f,t') = (f,t"), as required. O

Corollary 13. The pointst, w and s1 are collinear in P? if and only if (f1, S1w) =
(f1,w) (that is f1 € LT(S1)).

Proof. By Lemma [[2] the line LT(S) is orthogonal to both the polar of f; and
the line through ¢ and s;. But it is also perpendicular to the line through w and
s1 = S1w + w (see Sec. 2). Hence ¢, w and s; are collinear. O

Let u € D? be the point of intersection of the heights of the triangle with vertices
s1, s and sy (see Fig. 4). By Lemma[[Z (u,t) = (u,t') = (u,t”). Let w = u. Then
(Su — u,t') = (u,t") — (u,t’) = 0. Hence d = Su —u and t/,t",s € LT(S).
Similarly, ¢/,t,s1 € L*(S1) and t”,t,s2 € L*(S2). Assume that the triangle with
vertices s1, s and so is singular. By Lemma [I2] if the triangle is acute then u is an
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interior point of the triangle, and if it is right and o = 7/2 then v = s. Thus we
have obtained the following.

Lemma 14. Let the triangle with vertices s1, s and sy be singular. Let u € D? be
the point of intersection of its heights. If the triangle is acute, then D*(u) = A. If
it is right and o = /2, then D*(u) = AU SA.

Corollary 15. The vertices of D*(t) are the points u, u' = Si(u), u” = Sa(u)
and their images under the action of the cyclic group (T).

Proof. By Lemma [[4] ¢ is u-extremal. The duality principle implies that u is ¢-
extremal. 0

Let the involutions S’ and S” be defined by ([I&)). Let S; = 515251 and S} =

595155. It is easily seen that the triples

(8',55,81), (S1,S,82), (S2,87,5")
and their conjugates by the elements in (T') are singular. Each pair of adjacent
singular triples has a common nonsingular neighbor.

Thus a nonsingular triple (5’,51,52) is a common neighbor of (S’,55,51) and
(51, S,52), a nonsingular triple (57, S2,.5”) is a common neighbor of (S, S, .52) and
(S2,57,8"), ete. (see Fig. 5).

The points s’, s1, so, s =T 's’, T 's;, T 'sy, ... lie on the boundary of
D*(t). By Lemma [ the fixed points of Fy, Fh, F, as well as of F| = §'S3 and
F} =5,5", are t-extremal.

Lemma 16. Let (S1,S,52) be a singular triple of involutions. Let w € A’ where
A’ is the triangle A with intervals [s1, s3], [s2,s] and [s,s1] removed. Then the
indefinite points f, f1 and fo are w-extremal.

Proof. The region D*(f) = G¢A, where Gy = (S1,52). Since A = D*(f1)ND*(f)N
D*(f2), the lemma follows from the duality principle. O

5. TREES OF w-EXTREMAL INDEFINITE POINTS

As above, let G be the group generated by three involutions Sy, S, and Ss, and
T = 5155;5. Given a triple of involutions (51, S, S2), denote

Si = 51551, S, = Sl, Sé = SQ and Si’ = Sl, S,/ = SQ, Sg = SQSSQ.
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Then T' = 515’5, = 575”5y . Two neighbors
(20) (51,8',93) and (57,8, S5)

of (51,5,52) are nonsingular, i.e. their triangles are obtuse, and their heights
are larger than the height of (S1,5,52). By taking neighbors with larger height
successively we obtain an infinite binary tree of triples of involutions ¥(T'). By
associating to each (S1,5,52) € U(T) the indefinite fixed point of F' = 5152 we
obtain the associated tree of indefinite points F(T').

Assume that w belongs to the intersection of the triangles with vertices at
t, s1, S2, at t, s, sh, and at ¢, s, s§. Assume that f; and f, are w-extremal.
Then by Lemma[I1] the indefinite point f as well as the points f’ and f”, the fixed
points of 154 and S7'SY, are w-extremal. Denote by Pr the intersection of all such
triangles taken over all the triples of involutions in ¥(7"). Then all the points in
the tree F(T') are w-extremal provided w € Pr.

The limit w-extremal indefinite points.

Consider all the triples (Uy,, Up41,U) € ¥(T), n =0, 1, ..., with the involution
U fixed. Then U,y1 = U,U,_1U,. Let y be the fixed indefinite point of ¥ =
UoUy = Up,Upy1. Then U,y = —y. Let 8 € C be the point of tangency of the
tangent line L to C through y. Let z,, € F(T) be the fixed indefinite point of U, U.
Then Uzx,, = —x,. Let x = lim,,_oc ;. Then 0,y,x € L. Thus, x is the point of
intersection of the tangent lines L and U(L) = UY ~Y(L) = T~!(L) to C. Hence

(21) (x,0) = (Tz,0) =0.
Define
(22) Cr={xe€P?: (x,0)=(Tz,0) = (0,0) = 0}.

By (21)), the limit points of the tree F(T') lie on the curve Cr. We shall derive the
equation of Cr. Let z € Cr. From £1I), 8 = ax + bTx for some real numbers a
and b, and

0,2) =a(z,z) + b(Tx,x) =0, 0,Tx) = a(z,Tx) + b(x,x) = 0.

It follows that a? = b2. Let t be the fixed point of T'. If a = —b, then (6,t) = 0 for
any 6 € C, which is impossible. Thus, a = b, and § = 2 + Tz in P?. By 22), Cr
is the conic with equation

(23) (Tz+z,2) =0.

Let G be the group generated by three involutions Sy, S, Sa. Let U(T), T =
51552, be the tree of triples of involutions generated by (57,5, 52), and let F(T')
be the corresponding tree of indefinite points in P2.

Denote by Ap the limit set of the tree F(T). Let f1 and fa be the fixed points
of SS9 and S15. Let L; and Lo be the two tangent lines to C' through f; and
f2 respectively which do not meet inside Cr (see Fig. 6). Let u; be the point of
intersection of L; with Cp (i = 1, 2). Then Ap belongs to the arc of Cp with
endpoints u; and us. We have obtained the following.

Theorem 17. The limit set Ap of the tree F(T) is the closure

a) of the set of intersection of the axes of all the involutions which appear in the
tree U(T') with Cr; or

b) of the set of intersection of Cp with all the tangent lines to the absolute C
through all the points in the tree F(T).
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Since T'C'r = Cr, the conic Cr belongs to the pencil Py of conics generated by
C and (z,t)? = 0, the polar of the fixed point ¢ of 7. Thus, the equation of Cr can
also be written in the form v, Q(x) — (z,t)? = 0. Hence, if w = ¢, then by (@) the
w-minimum of x € Cp equals

v(x) = (,1)/Q(x) = veo.

Denote by C/ the dual conic for Cp in Pr. When T is hyperbolic, the hypercycle
C’. and the point w belong to the different connected components into which the
axis of T divides D*(w). (Recall that C%. is the envelope of the polars of points of
Cr.) Thus Cf C D?, and C is a circle with center at ¢, a horocycle with base at
t, or a hypercycle which has the same end-points as the axis of T, if T' is elliptic,
parabolic, or hyperbolic respectively (see [2], p. 168). Let Br C D? be the interior
of C% if T is elliptic or parabolic, or the part of D*(¢) which is bounded by C7. and
contains the axis of T if T is hyperbolic. Recall that A is the triangle with vertices
t, Sit, Sot. Thus, AN By C Pr, and, by Lemmas[I0 and [T}, we have obtained the
following.

Theorem 18. Suppose H is a Fuchsian group and Fy, Fo € H are hyperbolic. Let
f1 and fo be the indefinite fized points of I and Fs». Let S be the common involution
of f1 and fa2, and let T = F»,SF;.

Let w € AN Br. If w is indefinite and S € H, or w is isotropic, or w is definite
and H = (51,5,S52), where S1 = F3S, Sy = SFy, then all the indefinite points
in the tree F(T') are w-extremal provided f1 and fo are w-extremal. All the limit
points of F(T) lie on the conic Cp with equation ([23)).

Lemma [T6] and Theorem [I8 imply the following.

Corollary 19. Let G be a discrete group generated by three involutions S1, S, So.
Let T = 515853, F1 = SSa, F» = 515. Suppose that the triple (S1,S,S2) is
singular. If w € AN By, then fi and fo, the fived points of Fy and Fy, as well as
all the points in the tree F(T'), are w-extremal.

Remarks. 1. Let H be a Fuchsian group, and let the involutions 51, 5,52 € H. Let
(51,5,52) € U(T), where T' = 51555. Let w be definite. It follows from the results



4084 L. YA. VULAKH

obtained in §4 that to prove that the tree F(T') is w-extremal we have to show that
(f,gw)? > 1 for any gw, g € H, in the quadrilateral with vertices at w, s;, s and
s2. In [39] is done for H, a triangle group (2, ¢, m), and w, the fixed elliptic point
of order m. It is shown there that this quadrilateral does not contain an element
of the orbit Hw other than w for any (51, 5,S2) € U(T).

2. If w ¢ Pp, the structure of the tree of w-extremal indefinite points can be
destroyed. Let G = SLy(Z). When w = u, v(f1) = v(f2) is the Hurwitz constant
for G and it is not isolated in the Markov spectrum M, (1,1) (see Example 5 in
37)).

Now we shall find v, in terms of the invariants of T'. Let y = 6 + T'¢. Then
by 2) (z,y) = 0, the points ¢, y, and z lie on the line (0,z) = (T46,z), and
y € C%. We have y = c(z — (Q(x)/(x,t))t), where ¢ is a nonzero number. Denote

K = Q(z)Q(t)/(x,)*. Then

(y,1)? (z,t)

&) Qw " oar

Let T € O(V) be a square matrix of order 3 (see Example [B]). Assume first
that 7T is not parabolic, i.e. A # 1. Let u and p~! be the eigenvalues of ¢~ (T),
so that 2\ = p + p~!. Let v,v" € C be the eigenvectors of T. Then (see (II))
Tv = p?v, Tv' = p=2'. If (r,t) = 0, then there are numbers a and b such that
r = av+ b'. We have (r,r) = 2ab(v,v'), Tr = ap®v + bp=2v" and (Tr,r) =
ab(p® + p=2)(v,v") = 2ab(2\? — 1)(v,v’). Hence
(25) (Tr +r,7) = 2X2(r, 7).
Now we can find the value of v, in terms of A. Let x € Cr. There are numbers
a and b such that © = at + br, (¢,7) = 0, and Tz = at + bTr. We have (z,t) =
a(t,t), (z,x) = a®(t,t) + b%(r,r), and (Tz,x) = a?(t,t) + b*(Tr,r). Thus, by
@8), (Tz + z,x) = 2a(t,t) + 20°\2(r,r) = 0. Since a = (x,t)/(t,t), b*(r,r) =
(z,7) — (z,t)?/(t,t). Hence the equation of C7 can be written as follows:

t)? N2
(26) (@t _ —
Qx)Q(t) A —1
Thus K =1— A2, vy = (t,t)/K, and from (24) we find that

(1.1 awt)?

Qly) Q)
which is true for any A. Now from (28) we obtain the equation of C’.:
(y,)° 1

Q)Q(t) 11—
Let L be a line in D? through the point t in P2. If T is elliptic and 2« is the
angle between L and T(L), then A\ = cos @ and

Voo = —Q(t) cot? av.
If T is hyperbolic and 2p is the distance between L and T'(L), then A = cosh p and
Voo = Q(t) coth? p.

Now let ¢~ 1(T) = < (1) Tf ) Let t = (0,0,1). Then Tt = t and by )

Voo = 7T () — n|* = n? for real 7.
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If w # t, then

(z,w)?
(z,t)?
for x € C'r. The following statement is clear.

V() = Voo

Lemma 20. The largest value of v(x), x € Cr, is attained at the point of inter-
section of the line through w and t with Cp. If this line does not meet the arc of
Cr with endpoints uy and usa, then the mazimum and minimum of v(z), = € Ap,
are attained at uy and us.

6. UNIQUENESS

Let G be generated by three involutions Sy, S, S2. Suppose that (S7,.5,52) is
a singular triple—that is, the triangle with vertices s1, s, and s is not obtuse.
Let T' = 5155;. Let f; and fy be the fixed points of F; = SS5 and Fy = 515
respectively. Denote by D/, the closed region in A% bounded by C, C7 and two
lines through w and f; and through w and f;. Assume that the normalization
condition (I3]) holds. Let

Dy ={z € D} : (x,Sw) < —1; (x,Sw) < —1}.
First we shall prove the following.

Theorem 21. Let f be a t-extremal indefinite point in P2. If f € D}, — Dr, then
f=fiorfo. If f € Dy, then f € F(T).

For any w-extremal x € A% and any g € G, only one of the following holds:
P(g): (z,gw) =1, or  N(g): (z,9w) < -1
Let w = t. The following statement is analogous to the corollary on p. 32 of [4].

Lemma 22. Let (51,5,52) € ¥(T). If N(S1), N(S2), P(S'T) and P(S"T™1)
hold, then x = f.

Proof. We have ST = F, S"T~! = F~'. Thus, (z,5w) < —1, (z,%w) <
—1, (z, F~'w) > 1 and (x, Fw) > 1, which by Lemma B imply = = f. O

Denote by Rp the the interior of Cp. The following statement is analogous to
Lemma 12 on p. 36 of [].

Lemma 23. Let (51,5,52) € U(T). If N(S") = N(S'T) and N(S") = N(S"T—1)
hold, then x ¢ Rr.

Proof. Let y be the point of intersection of L~ (S’) and L~ (S”). Then f and y lie
on the line L = {z € A% : (z,8t) = (x,5"”t)}. It is enough to show that y ¢ Rr.
Let 6 be the point of intersection of M (S’) with C. Since s” = T~ !5, the point of
intersection of M (S”) with C'is T~16. It is clear that the point z of intersection of
the tangent lines to C' at # and T lies on L. On the other hand, by definition
z € Cp. The lemma follows from the fact that z lies on L between f and y. O

Let (S1,5,S52) be one of the singular triples of involutions. Let S’ = 5155
and §” = 55555. It was shown in Sec. 4 that the fixed points s, s1, s2, of
these involutions belong to the boundary of D*(t). By Lemma Bl f2, f, fi, the
fixed points of Fy, F, Fi, as well as f] and f}, the fixed points of F] = S'Ss and
Fj = 515", are t-extremal. The triple (5’,51,52) is a nonsingular neighbor of
(51, 5,52) (see Fig. 5).
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Denote by R” = R(f2, f) the region in D/}.— D*(t) bounded by two lines through
f and s and through f5 and s}, the fixed point of S; = 51555;. By Lemma [2]
uw and v/ = Sju are vertices of R”; hence [u,u'] C LT(S1) is a common side of
R” and D*(t). Thus, any indefinite t-extremal x € R” satisfies N(S7). Similarly,
let R' = R(f, f1) be the region in D/}, — D*(t) bounded by two lines through fi
and s/, the fixed point of 555153, and through f and s. Then any indefinite ¢-
extremal x € R’ satisfies N(S2). Let R = R’ U R"”. Thus, if z € R satisfies
P(Sy) = P(SeT~1) = P(F; ') and N(Sy), then « = fo. If 2 € R satisfies P(S;) =
P(S,T) = P(F}) and N(S2), then = f;. For all other x € R,

(27) N(S5) and N(Sy)

hold simultaneously. Hence = € Drp.
Now Theorem [21] follows from Lemma [24] below, which is analogous to Lemma,
13 on p. 36 of [].

Lemma 24. Assume that x € Dp. If x is t-extremal, then x € F(T).

Proof. The triples (S’,51,.52) and (S, Sa,S5"”), where S” = 51557 and S” = 55555,
are the nonsingular neighbors of (51,5, S2) (see Fig. 5). If

P(F)=P(S'T) and P(F')=P(S"T™)
hold simultaneously, then = = f by Lemma Otherwise, either
N(S") and N(S2)
hold simultaneously or
N(S") and N(S))
hold simultaneously, which are (27) for the triples (S’, S1,S2) and (S1,52,5”) re-
spectively. It is clear now that the proof can be completed by induction. O

Example 25. Let d be a square-free integer with d = 1 (mod 4). Let w =
(1 4+ v/—=d)/2. Let O4 be the ring of integers in the imaginary quadratic field
Q(v/—d). Tt is shown in [38] that when d = 3, 7 or 11 the stabilizer of the line
wR C C in GL3(Oy) is isometric to the Hecke group G4, ¢ = 3, 4 or 6, respec-
tively. When d = 19, the stabilizer of wR. is isometric to the group G generated by
reflections

() (Vo) (00 ) e (W )

in the sides of the quadrangle with vertices at oo and at the centers of involutions
S| = o00og, S = 0gos, and Sy = 0901. Thus,

S| = 0 -1 S = 2 -5 Sy = 0901 = -5 3
1={ 1 o ; =\ v5 -2 ; 2 = 0201 = 2 5 )
By Lemma Rl fo and fi, the fixed points of F5, = 515 and F} = 55,5, are w-
extremal. Let ¥(T), T = 51559 = 001 = ( (1) _1/5 ), be the tree of triples
of involutions generated by the triple (Si,S5,S52). Thus w = ¢t and A = 1. The
tree of indefinite points F(T') associated with W(T') is extremal. By Theorem 2T]
if v(f) < 5 for an indefinite f € P2, then g(f) € F(T) for some g € G. If we
put mo = V5xa, mi = /51, m = 5z in (I[7), then it is reduced to the equation
23+ 22 + 522 = bxow1 ¥, T2, 71, v € Z. This equation first appeared in [29], where it
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was used to describe the discrete part of the Markov spectrum on the sublattice of
index 5 (see also [T19]). Moreover the Markov spectrum for G' above 571/2, the first
accumulation point of the spectrum, can be also described in terms of the solutions
of this equation. In particular the first two minima are 1 and 1/2. It follows from
results obtained in [28] that the Markov spectrum for G is a subset of the Markov
spectrum for GL2(O19). Thus 5-1/2 is an accumulation point in the spectrum.
Note that 1 is the approximation constant for the imaginary quadratic field with
discriminant —19 (see e.g. [39]).

Similarly, it can be shown that the Markov spectrum of the Hecke group G4
is a subset of the Markov spectrum for GL3(O7). In that case the equation x3 +
2?2 + 222 = 4aox12 can be used to show that 871/2 is an accumulation point in
the spectrum. This equation first appeared in [27]. It can be used to obtain the
complete description of the discrete part of the Markov spectrum on the sublattice
of index 2 (see [19]).

Example 26. (see [39]). Suppose that G is generated by the reflections oy, o1
and o across the sides sv, vw and sw of the triangle with vertices s, v and w. Let

S =009 =090, A=o0109, B=AS=00,

and S? = A? = B™ = id, where ¢ = 3 or 4. Thus, w = Bw is an elliptic fixed point
of the subgroup G” of G generated by S and A. G” is called the triangle group
(2,q,m) (see e.g. [2).

Let Sy, = A¥SA™F and S;, = SS,S, k=1, 2. When ¢ =4, U = A? is also an
involution. Let U’ = SUS. If ¢ = 4, let T = S1;SU’ and let ¥(T') be the tree of
involutions generated by the triple (S1,5,U’). For ¢ = 3, T = 5155} and ¥(T)
is the tree generated by the triple (57, 5,55). Then T = B9 5, (¢ = 3, 4), w is
the fixed point of 7" and, therefore, the equation of Cr in A2 is Q(x) = const. It is
shown in [39] that the corresponding tree F(T') of indefinite points in P? is unique
in DT.

Let H be a Fuchsian group and let G be its subgroup generated by three invo-
lutions Sp, S and Sy. Let (S1,S,52) be a nonsingular triple. Let T = §1555. If
w # t then, in general, the g-strip and g7™-strip do not coincide. Arguing as in
the proof of Theorem [21], we obtain the following.

Lemma 27. Assume that for any triple (S1,S,52) € WU(T') there are compound
(S, ST 1)-, (S1,5:1T)-, (8',8'T)- and (S”,S"T~1)-strips in D}.. If f € D} is a
w-extremal indefinite point, then f = f1, or f = fa, or f € F(T).

The rest of this section is devoted to the case when T is hyperbolic and w
is isotropic. The results obtained are applicable to zonal Fuchsian groups. In
particular, in the next section we shall discuss their application to the maximal
Fuchsian groups commensurable with the modular group. As in Example Bl we
shall identify the points f = (a,3,7) € P? with the quadratic forms f(z,y) =
ax? + By +vy?, where g(1 0) = (z y)t, g € G. If (f,w) = a # 0, we can assume
that a = 1. Then Q(f) = 3% — 4v. A form f is extremal iff |f(z,y)| > 1 for all
g € G. The g-strip is the strip |22 + Bzy + vy?| < 1 in the (3,7)-plane.

Let g,¢' € G, g(10)' = (¢ y)', ¢'(1 0)' = (2 ¢/)", and let = = x/y, 2 = a'/y.
Let f be the fixed point of a hyperbolic element F' € G. Assume that

0<z<z <@,
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where f(6,1) = f(6',1) =0 and Fi(z) — 0’ asi — oo for any z € C, x # 0. Let

) € Stab(f,O(V)), so that 2’ = ®(z) = (az + b)/(cz + d).

a

c

Let Fig(1 0)" = (z; yi)', F'g'(10)' = (¢}, 9})", zi = wi/ys, 2 = }/y;, i =
1, 2, .... Denote by h; the point of intersection of L= (F'g) and L*(Fig’), i

1, 2, .... In particular, h = hg = (1,0,7) is the point of intersection of L~ (g)
with L*(g). For indefinite f € P? and a real number z, we temporarily abbreviate

F(2) = f(z,1). Let

1
b
d

k=n(z)/f(2), K =h)/f(Z).
Then 2] = ®(z;), k= hi(z:)/f(z:), ¥ =hi(2])/f(z), i=1, 2, ....

K3 K3
Lemma 28. The indefinite points h;, i =1, 2, ..., lie on the hyperbola
[h(—d,c) = (k+ K = 1)|®[][h(a,c) — (k+ K —1)|2]]

(28) = (k—1)(K' —1)(a+ d)*|®|

where |®| = det P.
The sequence Q(h;), i =1, 2, ..., is increasing.

Proof. Denote r = cz+d. We have f(2') = |®|r=2f(2), 2 f(2) = r?> — (a+d)r +|®|,
and z—2' = ¢f(z)/r. Here cf = (¢,d—a, —b). Hence h(z)—h(z') = (z—2")(B+2+2")
and kf(z) — k' f(2') = cf(2)(B+ z + 2)/r. Thus,

B(h) = —(z+2') + (kr — K'r=1|®|) /e, y(h) = 22" — (krz' — kK'r=12|®|)/c.

For ®, k and K’ fixed, the equations obtained are the parametric equations in z
of a hyperbola. Indeed, eliminating z, we obtain (28], which is an equation of a
hyperbola with asymptotes h(—d,c) = (k + k' — 1)|®|, h(a,c) = (k + k' — 1)|®|.
One can easily verify that Q(h) = (32 — 4v attains maximum at 3 = (d — a)/c.
Evidently the points h; lie on this curve, and the sequence |5(h;) — (d — a)/c| is
decreasing. O

Remark. Tt is clear that Lemma[28 holds in the case when F(z) — 6 as i — oo for
anyx € C, x #£0'.

Let mgy = sup Q(f), the supremum being taken over all f € Dr. Denote
DY ={z € D} :Q(x) <mr}.
The following theorem is very important for applications, because it reduces the

problem of uniqueness of the tree F(T) in Dr to the verification of existence of
only two compound strips in D.

Theorem 29. Let w € C. Assume that there exist compound (S2,S2T~1)- and
(S1,51T)-strips in DY.. Let f € D be a w-extremal indefinite point. If f €
Dl — Dy, then f = f1 or fa. If f € Dy, then f € F(T).

Proof. By Lemma BTl it is enough to show that for any triple of involutions
(S1,5,52) € ¥(T) the compound (S’,S'T)- and (S”,S"T~1)-strips in D exist
provided that the compound (Sz2, S2T~1)- and (S1, S1T)-strips in D/ exist.

The triples (S, S1,S2) and (S1, S, S”) are the neighbors of (Sy,.5,S2) in ¥(T)
with larger height. Here S’ = F»,5; = 51551 and S = FfISQ = 59555. Assume
that the compound (Ss, ST ~1)-strip in DY consists of the g;-strips, 0 < i <
k, go = Sa, gr = S2T~!. Then, by Lemma 28] the Fl_lgi—strips7 0 <i <k, form
a compound (S, S”T~1)-strip in D/.. Similarly, if the compound (Sy, S;T)-strip
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in DY consists of the g;-strips, 0 < ¢ < k, go = S1, g = 517, then the Fyg;-
strips, 0 < ¢ < k, form a compound (S’, S'T)- strip in D/.. Now the proof can be
completed by induction. O

7. MARKOV SPECTRUM ON SUBLATTICES

Let m be a positive integer. Denote by JF,,, the set of indefinite binary quadratic
forms f satisfying the following condition:

|f (2, y)| > ged(z, m)u(f),

where u(f) = inf | f(z,y)|, the infimum being taken over all (z,y) € Z2/(0,0). The
subset
My ={vw(f): f € Fn}
of the classical Markov spectrum M (see Example B is called the Markov spectrum
on the sublattice of index m (see [19]). For m = 2, 5, 6, the discrete part of that
spectrum was found in [27], [29], [3U] respectively, and for m = 3, in [24] (see also
Example B0 below).
Let m be square-free and
G'(m)={g= ( Z Z ) € My(Z)|b=0 (modm),a=d=m=0 (mod detg)}.

Let G = PG'(m), G, = GN PGL2(Z). Then G, is normal in G and [G : G,] = 2%,
where ¢ is the number of prime divisors of m (see [16]). It follows from the definition
of G'(m) that

(29) ged(a, m) = det g.

In what follows, we employ the usual abuse of language and refer to the elements
of G as matrices by setting

(30) G(m) = {|detg|"/?g: g€ G'(m)}.

Remark. Let Gy be the Hecke group. Let 7 = ( \/Oﬁ ? ) It can be easily

verified that, for m = 2 and 3, G(m) = 7Ga2,, 7 1. In [39], the discrete parts of the
Markov spectra for the Hecke groups Gy, ¢ > 5, are found. These results can be
used to describe the spectrum on the sublattice of index m = 3 (see Example B0).

Let w = (1,0,0). Assume that an indefinite point f € A? is w-extremal; that is,
|f(z,y)| > 1for any g € G(m), (z y)'! = g(1 0)*. By (29) and (30), these conditions
are equivalent to following: for any integers x and v,

|f(z,y)| > ged(a, m).

Thus the Markov spectrum of G(m) coincides with the Markov spectrum on the
sublattice of index m for the forms f with attainable minimum (see [19]).

Let S1, 5,52 € G'(m) be involutions. Let k; = det Sy, k = det S. Tt can easily
be shown that
(31) 2(818) + k1 c*(S) + kc?(S1) = — tr(519)e(S)c(Sy),
where tr(515) =0 (mod kkq). Let Fy = 515 = T'S;. Assume that T is parabolic.
Then tr(515) =0 (mod kkic(S2)). Hence

*(Ss) + k12 (S) + kc?(S1) = nkkic(S2)e(S)e(S1)
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for some integer n. It is proved in [31] (see also [22]) that, up to permutation of k
and ki, this Diophantine equation has a solution in integers (¢(S2), ¢(5), ¢(S1)) #
(0,0,0) only for (n,k, k1) = (3,1,1), (2,2,1), (1,2,2), (1,2,3), (1,1,5), (1,1,1),
(1,2,1). Tt follows that there is a tree of involutions W (T') with parabolic T' only
form =1, 2, 5 and 6. As was mentioned above, for m = 2, 5 and 6, the discrete
part of the Markov spectrum M,,, was found in [27], [29], [30]. For any other value
of m, T can only be hyperbolic. The results obtained in the preceding sections can
be used to find the discrete part of M,, in those cases. In the examples below,
we shall identify the elements of G = PG’(m) with the corresponding elements in
G'(m). Let

(3 0) wm=(55). em=(3 1)

Example 30. Let m = 3. As was mentioned above, the group G is conjugate in
GL2(R) to the Hecke group Gg. It is generated by reflections o, o9 = 0¢(3), 01 =
01(3). Let S = ogo, A = 0100, U = A3, U' = SUS, S, = A*SA™F 5 =
SSkS, k=0, 1,...,5. Then S? = S = A% = id. Let f; be the fixed point
of Fy = S1.S, k =1, 2, 3, and let K3 = SU’. Then F3 = K2. The points f
are extremal (see [39]). Let U(T3) and U(T5) be the trees of triples of involutions
generated by the triples (S, S,55) and (S2,5,U"), To = 51552, T3 = S2SU’, and
let F(T>) and F(T3) be the corresponding trees of extremal points. It is shown in
[39] that:

1) The tree F(T3) is unique in the region D3 bounded by the axes of involutions
U’ and Sy and the hyperbola Cr with equation (T3z + z,2) = 0 in P?; that is, if
an extremal f € Ds, then f € F(T3).

2) Let Gg be the subgroup of G generated by Si, k=0, 1, 2, and U. Then the
trees F(T») and F(T3) both are simple on M = D?/G; that is, the projections of
the polars of points in these trees into M are simple closed geodesics on M.

3) The first limit point in the Markov spectrum of G is 1/4 and the discrete part
of the spectrum if found (cf. [24]). The first limit point of F(75) in the spectrum
is 1/5.

Example 31. Let m = 13. The group G is generated by reflections o, 0¢(13),

01(13), and
(13 -T8 (13 =52
2=\2 -13) =3 -13)"
Suppose, as we can, that f = (1,3,v) € A? satisfies the condition —13 < 8 < 0.

If N(op) holds, then Q(f) > 52. If N(o2) holds, then Q(f) > 13. Denote by R
the set of f € A2 for which N(03), P(0g) and P(02) hold. Then

(32) Q(f) <12
for any f € R, and 12 is attained at to = (1, —8, 13), the fixed point of T, = o900 =

6 —13
(1 _9 ).Let
70 —169 5 —13 57 —325
51(29 —70>’ 5(2 —5>’ 52<10 —57>'
) < 1or|f(13,5)] < 13.

Direct verification shows that if f(5,2) > 1, then |f(3,1
) (T') be the tree of triples of

Thus, for any extremal f € R, N(S) holds. Let ¥
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involutions generated by (51,5, S2), where T' = §15S3 = T3 = (0900)®. The fixed
points of
s (B ) mosso (1),

are fo = (5,—39,—65), the third Markov form (see [4], Chapter II), and f; =
(16,—130,221). They are extremal, (the period of the continued fraction expansion
of a root of f1 is (2,1,2,2,1,2,1,1)). Note that oofs = f2 and o2f1 = f1. By
Theorem[1§, all the indefinite points in the tree F(T) are extremal and all its limit
points lie on the hyperbola Cr with equation (23).

Now we shall prove that, inside Cp, the tree obtained is unique. Let g1,g92 €
G, gi(1,0)" = (a;,¢;)". The point of intersection of L™ (g1) and L™ (gz) is the fixed
point A of So, where

S(n ) ()
Cy —an 1 —a1
by = (a® +1)/ci, by = (a2 —1)/ca.
Thus,
Q(h) = ¢ *(tr*(h) + 4),
where ¢ = c¢(h) = aica — azcp and, by @), tr b = (c1c2) (3 — 2 — c?). In
particular,

(33) Q(h) > 4¢72.

There are compound (S, SoT1)- and (S7,S1T)-strips in R which consist of Sy,
SQO’(), SQTo_l, SQTo_lo'o, SQTO_Q, SQTO_QO'Q7 SQT_l—StI"ipS and of Sl, 310'2, SlTo,
S$1T,02, S1T2, S1T209, SoT-strips respectively. This follows from (B2) and (B3),
since the sequence of values of ¢=2(h) for the pairs of adjacent strips is 13/4, 13,
13/4, 13, 13/4, 13 for the compound (Ss, SoT~1)-strip and 13, 13/4, 13, 13/4, 13,
13/4 for the (S1,S1T)-strip. Thus the uniqueness of the tree F(T') of extremal
indefinite points in R follows from Theorem P9. Let u; be the point of intersection
of the tangent line to the absolute C through f;, i = 1, 2, with Cp. The limit set
of F(T) is located on the hyperbola Cr between the points u; and us. The roots
of u;(x,1) = 0 are 6; and S;(6;), where f;(6;,1) =0, i =1, 2, and 6; = (65 +
V/689)/16 = 5.703050594, 65 = (39 —+/221)/10 = 2.413393125. Thus, the values of
vy (), where x runs through the limit set of C, form a Cantor set U in the classical
Markov spectrum M, and U C [vy(u2), vw(u1)] = [0.303983697, 0.303986571].
Note that the vertical line through ¢, does not intersect the interval [ug,u1], and
vy () is an increasing function on this interval.

Let f*) be the indefinite fixed point of FFF;, k=0, 1, ..., so that f(O = f;
and Sof®) = —f(¥) Applying the approach developed in Example 7 of [39], we
obtain the following.

Theorem 32. Let G = G(13). Let f be an indefinite point such that v(f) > v(us).
Then f is G-equivalent to fo or one of the points f*), k=0, 1, ....

Remark. By the isolation theorem (see [4], p. 25), which holds for any zonal Fuch-
sian group, all the f € F(T) are locally isolated; that is, there is a constant € > 0
such that v, (f) — € > v, (f’) for any f’ € A% which is sufficiently close to f. This
theorem can be also applied to show that the results obtained hold for the indefinite
forms with unattainable minimum as well (see [4], p. 40).
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8. SIMPLE CLOSED GEODESICS

Let G be a discrete group. The quotient M = D?/G is a Riemann surface. Let
7 : D? — D?/G be the projection map. If L is the axis of a hyperbolic element
F € G, then w(L) is a closed geodesic in M, and if 7 is a closed geodesic in M,
then 7~ 1(7) consists of the axes of the conjugacy class of some hyperbolic F' € G.
A geodesic v is said to be simple if it does not intersect itself. Let f € P? be the
pole of L. It is easily seen that

m(L) is simple iff LN gL =0 for all g € G/Gy.

(or iff the line through f and g(f) in P? cuts C for all ¢ € G/Gy). Roughly
speaking, this means that the G-orbit of the indefinite point f in P? must be
“close” to C'if w(L) is a simple geodesic in M.

Let G be generated by three involutions Sy, S, S2. Suppose that the triangle
with vertices s1, s, and s is not obtuse. Let T' = 51555. Applying Theorem
we shall prove the following.

Theorem 33. Let G be generated by three involutions Sy, S, Sa. Assume that

(34) (Tf—f,f)<0.

A geodesic v = w(L) in M = D?/G is simple if and only if the pole f of L is
G-equivalent to f1, f2, or a point in the tree F(T) or its closure.
If T is hyperbolic and Lt is the axis of T, then w(Lr) is also simple in M.

Proof. First assume that

5(f) = (Tf7f)2_ (f7f)2 < Oa
ie. f ¢ Ry, where Ry is the interior of Cp. The line z = af +bT f cuts C if
and only if the discriminant §(f) of the quadratic form (z,x) is positive. Thus, if
f ¢ Rr then the line through f and T f does not cut C; hence the lines L and T'(L)
meet in D? and the geodesic v in M is not simple.

Now let Gf € Rp. By Theorem [ZIl we can assume that f € F(T'), since
the projections of the polars of fi; and fo into M are simple (see Fig. 4). Let
(51,85,52), T = 5155, be the associated triple of involutions, so that Gy =
(S1,52). Then the interval [sq, s2) is a fundamental domain of Gy on L, the polar
of f. Let Tt =t, t' = Sit and t”” = Sat = St’. Then the triangle A with vertices
at t, ¢ and ¢” is a fundamental domain of G. Since [s1,s2) C A, the geodesic
~v = w(L) is simple in M, as required.

Let L be the line through the points ¢ and s”, the fixed point of S” = 55555 in
P2, Then L' = T(L) is the line through ¢ and s’, the fixed point of S’ = 5155;.
The part R of D*(t) (see Corollary [H) bounded by L and L’ is a fundamental
region of G in D*. If T is hyperbolic, then the intersection of R with the axis Lp
of T is the fundamental domain of (T") on L. Hence w(Ly) is simple in M. O

Remarks. 1. Since (Tt,t) = (t,t), the conic (T'x — z,z) = 0 is degenerate. If T
is elliptic or parabolic, then the region R in (B4) coincides with P? — p;, where p;
is the polar of ¢t. If T is hyperbolic, then R contains Rp. In the latter case, for
isotropic w, the geodesics in H?, images of polars of indefinite points in R under ®
(see Example [B)), lie under the axis of T.

2. For the polars of indefinite points f in (34]) we have the following:

The geodesic v = m(L) in M is simple if and only LNT(L) € D?.
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